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Fig. 1 Frequency distribution for clamped steel shell.

used to compute these constants,7 usually the constants will
form mode shapes that are complex functions. It follows from
the nature of the solution that, in the complex plane, all these
initial mode shape functions lie on a straight line that passes
through the origin. Thus each complex quantity is related to its
real component by an identical constant of proportionality,
and, since we are accustomed to working with real displacements,
it is convenient (and valid) to use these proportional real
components (normalized as desired) as the shell's orthogonal
mode shapes.

Results and Conclusions
Natural frequencies for the first six circumferential wave

numbers and the two lowest radial modes are presented in
Table 1 for a clamped-clamped steel shell with L = 12 in.,
a = 3 in., and h = 0.01 in. Comparisons are made in Table 1
with theoretical results for n ̂  1 that were obtained for the
same shell in Refs. 3 and 4. These earlier results are from
solutions to Fliigge's equations that were computed only after
using the uncoupling conditions suggested by Yu.8 The variation

in the frequency parameter for this case is illustrated in Fig. 1.
Of particular interest is the spatial phase shift in Fig. 2 between
the lowest frequency radial modes for n = 0 and for n ̂  1.

The technical significance of this shift lies in the fact that for
n — 0, the lowest frequency radial mode actually is antisymmetric
(m = 2) and thus cannot respond to a uniform radial blast load.
This important result agrees with Ref. 6 but is in contrast to a
misconception which might easily arise from earlier work and
in particular the monograph of Ref. 9. The misconception is that
the lowest mode of a clamped shell with n = 0 is symmetric
(m = I). Although the correct situation was noted by Forsberg2

in his analysis of the axisymmetric vibration of a clamped shell
the proper interpretation that m = 2 is lacking in recent publica-
tions such as Ref. 9.
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Table 1 Frequencies (Hz) for clamped shell'
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Nonlinear Creep Analysis by Assumed
Stress Finite Element Methods
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I. Introduction

FINITE element methods for analyzing the creep behavior of
structures have been introduced by many authors.1"8 They

are invariably incremental elastic solutions by direct stiffness
methods derived by the conventional assumed displacement
approach and based on equivalent nodal forces due to the creep
strains that are anticipated during each time increment. When
the incremental solutions are carried out without iteration, they
are analogous to the Euler's method for numerical integration
of differential equations and hence require very small time
increments. Indeed, numerical instability for such analysis has
been experienced by some investigators when the time increments
are not kept sufficiently small.5 In many available computing
codes, the incremental solutions are accompanied by iterative
schemes.7

Fig. 2 Initial radial mode shape for clamped steel shell.
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The present Note presents an alternative approach based on
assumed stress finite element models. In the case of steady-state
creep or of transient creep under a time-hardening rule, the finite
element formulation leads to a system of first-order nonlinear
differential equations which can be solved by using many efficient
numerical schemes in either one-step methods such as the various
Runge-Kutta methods or multistep methods such as the various
versions of the predictor-corrector method.

A variational theorem for creep based on the Hellinger-
Reissner principle was developed9'10 and applied to the formula-
tion of approximate solutions for large deflection and buckling
problems involving creep strains.9-1 1 Thus it is natural to extend
such variational theorem to the finite element formulation of
creep problems. The presente Note is limited to the small
deflection theory. The corresponding finite-element model is the
mixed model which involves independently assumed displace-
ments and stresses.12 The so-called assumed stress hybrid model
may be interpreted as a mixed model based on assumed
equilibrating stresses and on assumed displacements along the
element boundary; hence it can also be employed to formulate
the creep problems.

It is realized that a typical problem associated with creep of
metals involves time independent plastic behavior. The assumed
stress hybrid model has been demonstrated to be a practical
scheme for analyzing elastic-plastic behavior.13 Thus it can be
used to formulate a combined elastic-plastic and creep problem.
For simplicity, however, the present discussion is limited to non-
linear creep with linear elastic behavior.

II. Variational Principles for Creep
When a solid continuum is subdivided into finite number of

elements, the Hellinger-Reissner principle for the creep problem
is dnR = 0, where

0)

ffij is the stress tensor; u{, the displacement vector; e,/, the
rate of creep strain which may be expressed as a function of
stress and time ; Sijkh the elastic compliance tensor ; Fit the body
force components; 7], the surface traction; Vn, the volume of
the nth element; SUn, the boundary of Vn where displacements
are prescribed ; and S0n, the boundary of Vn where surface trac-
tions are prescribed. The symbol ( ) represents time derivatives ;
( ) is used to indicate prescribed quantities. It is realized that
in applying this variational principle for a finite element
formulation it is not necessary to maintain the stress continuity
along the interelement boundary if the displacement com-
patibility is maintained. In the ordinary linear elastic analysis,
the Hellinger-Reissner principle can lead to a matrix mix
method if both nodal displacements and nodal stresses are left
as unknowns in the global matrix equations. This principle can
also lead to a matrix displacement method if the stress para-
meters are independent for different elements hence can be
eliminated at the element level.

When the stresses satisfy the equations of equilibrium, the
variational principle becomes a modified complementary energy
principle ; i.e., dnmc = 0, where
K* = I {Sv

(2)

and dVn is the entire boundary of the nth element. The displace-
ments u{ are equal to w, along SUn. The modified complementary
principle leads to the assumed stress hybrid model which for the
ordinary linear elastic analysis is again a matrix displacement
method.

where a is the equivalent stress, the creep strain components
are given by

*/ = (dF/datj)^ (4)
Here t? is the equivalent creep strain rate given by

For steady-state creep ; the creep strain rate is only a function
of stress amplitude and temperature. For example under a
constant temperature, the creep behavior may often be
represented by a power law such as

£ = &<fclW (6)
where, e0, n, and A constants for a given temperature.

For transient creep under the time-hardening rule, the creep
strain rate is a function of stress amplitude and time. Under a
corresponding power rule, the creep behavior may be represented
by

If = iof(t)(a/XT (7)

IV. Finite Element Formulations
In the finite element formulation it is assumed for simplicity

that the body forces Ft are absent and w; = ut along SUn. In that
case, the formulations under both Eqs. (1) and (2) can be treated
in a similar fashion. In such formulations the stresses are
represented by

a = Pp (8)
where ft are stress parameters. For the Hellinger-Reissner
principle, the stresses need not satisfy the equilibrium conditions
and may be either stress parameters which are independent for
different elements or nodal values of stress components which
are in common at the interelement boundary nodes. For the
complementary energy principle, of course the stresses must
satisfy the equilibrium conditions and p are independent for
different elements. The tractions at the element boundary are
related to the assumed stress distribution, they can be expressed
as

T == R/J (9)

The displacements in each element are then represented by
interpolation functions and the generalized displacements q at a
finite number of boundary nodes,

u = Lq (10)
Under Eq. (1), L refers to interpolation functions over the element,
while under Eq. (2) it is applied to the surface of the element.

By representing dF/da^ in matrix form by
} (ID

the rates of creep strain components $/ for steady-state creep
behavior can be written as

£• = £o(<7//rFff (12)
Similar relations can be obtained for transient creep behavior
under the time-hardening rule.

The matrix Fff can be expressed in the form of
F,=<Fr* (13)

For example under the Huber-Mises-Hencky criterion when
rxz} 04)ff= \o*avazax

1
(J
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0
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(15)

HI. Creep Behavior under Multiaxial Loading Conditions
If the yield condition of a material can be expressed as

(3)

3/2 0
3/2 J

Thus the matrix F^ may also be written as /?7PT</> and both
— TIR and nmc can be written as

M-/JrGnQ + qrQn] (16)
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= $VnPTSPdV

Gn =

where

under Eq. (1) (1?)

[hvmRTLdS; under Eq. (2)
and for the steady-state creep,

M* = £o JFn (<WPT0P dV (18)
Here B involves derivatives of L according to the strain displace-
ment relation. The equivalent stress a can be expressed in terms
of <r, and hence also in terms of p.

Since, in general, both /f and q may refer to common nodes,
it is required to assemble the matrices Hn, Mn, Gn, and Qn into
corresponding global matrices, H, M, G, and Q; i.e.,

n = (l/2)/jTH/J+ /TM/J- /JrGq + qr0 (19)
In applying Eq. (2), of course, there will be no coupling between
P matrices in different elements, hence H, M, and G are simply
super diagonal matrices. The variation principle thus leads to
the following system of equations

f H -G~p~| f-MWl
rr o L = rtL— Jl_5iJ L—^ J

(20)

or
m H -GT'r-M(0/n

oj L-0 J (21)

This is a system of first-order nonlinear differential equations.
With the initial conditions for ft and q obtained by a linear
elastic solution, Eq. (21) can be solved by many numerical
methods.
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Laser Anemometer Measurements of
Surface Pressure Distributions

S. J. BARKER* AND H. W. LiEPMANNt
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I. Introduction

THE forces exerted upon a moving solid body in incom-
pressible flow can always be obtained from velocity

measurements on a suitable contour around the body. In
particular, the surface pressure distribution can be deduced from
velocity measurements taken on a contour just outside of a thin
boundary layer. According to boundary-layer theory, the static
pressure change across a thin boundary layer is of order (b/l)2,
where 6 is the boundary-layer thickness and / is the length of
the body. The x-momentum equation outside of the boundary
layer is U(dU/dx) = — (\/p) dp/dx, which can be integrated to
p+?pU2 = constant for the incompressible case. The surface
pressure coefficient, defined as cp = (p — p0)/?pU0

2, is then given
by cp = 1 — (U/U0)2. The error in this approximation to the
surface pressure is of order (d/l)2.

The present technique for measuring surface pressure distribu-
tions in wind or water tunnels requires the construction of
models with many small static pressure taps in surfaces of interest.
Such models are expensive and very difficult to build. The laser-
Doppler velocimeter technique provides for the first time a
convenient method of measuring velocities directly without any
interference, and hence suggests a very attractive alternative for
measuring pressure distributions on airfoil and hydrofoil sections.
The application to hydrofoils is particularly attractive because
the construction of these very thin sections with a sufficient
number of pressure taps is often impractical. At the same time,
the laser-Doppler technique is most easily used in water.

II. Experimental Technique
An experimental test of the feasibility of this method has been

conducted in the Caltech High Speed Water Tunnel. This tunnel,
described in Ref. 1, has a two-dimensional test section for testing
6 in. span hydrofoil models at velocities up to 85 fps. The
models are cantilever mounted on one wall of the test section,
and the opposite wall is transparent. The laser-Doppler veloci-
meter (LDV) used for this test is one which has been developed
at Caltech, and has been applied to a variety of hydrodynamic
flows.2'3 The LDV optics are mounted on a traversing system
which can scan the flowfield near the surface of a two-dimensional
model and position the center of the measuring volume to within
0.001 in. Since this LDV operates in the forward scatter
reference beam mode,2 the mounting plate of the hydrofoil
model has to be made of a specular reflecting material. In this
way, the reference beam and forward scattered Doppler shifted
light are reflected off the mounting plate, back out through the
test section window and into the photodetector (see Fig. 1).
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